We study the algebraicity of compact Kähler manifolds admitting a positive rational Hodge class of bidimension (1, 1). We show that if the dual pseudoeffective cone of a compact Kähler threefold X contains a rational class as an interior point, then X is projective. We also study the Oguiso-Peternell problem about the algebraicity of a compact Kähler manifold whose dual Kähler cone contains a rational class as an interior point (and its variant concerning manifolds containing a smooth curve with ample normal bundle). For such a manifold X, we prove that its Albanese variety is always projective. In dimension 3, we prove that X has algebraic dimension at least 2 and relate the Oguiso-Peternell problem to a problem about 1-cycles in compact Kähler threefolds.
that N C/X is ample (hence in the context of Problem 1.3), then the projectivity of Alb(X) follows simply from the surjectivity of Alb(C) → Alb(X) [27, Lemma 12] .
For a compact Kähler surface S, Huybrechts [12, 14] and independently Oguiso-Peternell [25] proved that if Int (K (S) ∨ ) contains a rational cohomology class, then S is projective. This completely answers Problem 1.1 and Problem 1.2 in dimension 2. In this text, we answer Problem 1.2 in dimension 3. Theorem 1.5. -Let X be a smooth compact Kähler threefold. If Int (Psef(X) ∨ ) contains a rational cohomology class, then X is projective.
The study of the Oguiso-Peternell problem in the threefold case was initiated by Oguiso and Peternell.
In their previous work [26] , they proved that if X is a compact Kähler threefold such that Int (K (X) ∨ ) contains a curve class, then X has algebraic dimension a(X) ≥ 2. In this text, we will improve their result by removing the curve class assumption. Theorem 1.6. -Let X be a smooth compact Kähler threefold. If Int (K (X) ∨ ) contains a rational cohomology class, then a(X) ≥ 2.
If we replace the assumption Int (K (X) ∨ ) ∩ H 4 (X, Q) ∅ in Theorem 1.6 by the existence of a smooth curve in X with ample normal bundle (thus in the context of Problem 1.3), then the same conclusion a(X) ≥ 2 holds and was essentially proven by Oguiso and Peternell [26, Theorem 0.5] (1) . Oguiso and Peternell have also outlined a strategy to construct a non-algebraic threefold X such that Int (K (X) ∨ ) contains a curve class (or such that X contains a smooth curve with ample normal bundle). However an explicit construction of such an example is still missing. While we are still not able to solve Problem 1.1 and 1.3 in dimension 3, we can relate these problems to a problem about 1-cycles in threefolds. We will postpone the discussion to 1.4, after we give an outline of the proofs of the aforementioned results.
Outline of the proofs of the main results
The proof of Theorem 1.4 is based on the following solution to the Oguiso-Peternell problem for complex tori that we will prove in Section 5. Proposition 1.7. -Let X be a smooth compact Kähler manifold of dimension n which is bimeromorphic to the quotient T/G of a complex torus T by a finite group G. If Int (K (X) ∨ ) ∩ H 2n−2 (X, Q) is not empty, then X is projective.
In the proof of Theorem 1.4, we only apply the special case of Proposition 1.7 where G is trivial. The full statement of Proposition 1.7 will be applied in the proof of Theorem 1.6, which we explain now.
To prove Theorem 1.6, we have to show that if X is a compact Kähler threefold X of algebraic dimension a ≤ 1, then Int (K (X) ∨ ) ∩ H 2n−2 (X, Q) = ∅. According to Fujiki's classification of compact Kähler threefolds 1 . To obtain a(X) ≥ 2 from [26, Theorem 0.5], one needs to exclude the existence of simple non-Kummer threefolds, which is now known thanks to the Minimal Model Program for Kähler threefolds [15, Theorem 6.2] . of algebraic dimension a ≤ 1 (together with some improvements, see Proposition 2.7), those threefolds are bimeromorphic to one of the following: i) A threefold which dominates a surface.
ii) The quotient T/G of a 3-torus T by a finite group G.
iii) A finite quotient of a smooth isotrivial torus fibration over a curve without multi-sections. iv) A fibration in abelian varieties over a curve (which might contain singular fibres).
According to the bimeromorphic invariance of the emptiness of Int (K (X) ∨ )∩H 2n−2 (X, Q) [26, Proposition 2.5] , it suffices to prove that Int (K (X) ∨ ) ∩ H 2n−2 (X, Q) = ∅ for the above four types of varieties. The first case is an immediate consequence of [26, Proposition 2.6 ]. Case ii) results from Proposition 1.7. Case iii) and iv) will be carried out in Section 4 and 6 respectively, derived as corollaries of the following result (which holds in arbitrary dimension). -Let X be a compact Kähler manifold which is the total space of a fibration f : X → B over a projective curve whose general fibre F is a complex torus. Suppose that F is projective or f is smooth. If Int (K (X) ∨ ) contains a rational cohomology class, then f has a multi-section.
Since K (X) ⊂ Psef(X), Theorem 1.6 also implies that if X is a compact Kähler threefold such that Int (Psef(X) ∨ ) ∩ H 2n−2 (X, Q) ∅, then a(X) ≥ 2. Therefore to prove Theorem 1.5 for X, it suffices to exclude the case where a(X) = 2. Compact Kähler threefolds of algebraic dimension 2 are bimeromorphic to elliptic fibrations over a projective base, and the remaining part of the proof of Theorem 1.5 is essentially reduced to the following statement, which we will prove in Section 7. Proposition 1.9. -Let f : X → B be a flat elliptic fibration from a smooth compact Kähler threefold X to a smooth projective surface B. If there exists α ∈ H 2,2 (X, Q) such that f * α ∈ H 2 (B, Q) is ample, then X is projective.
A question about 1-cycles and the Oguiso-Peternell problem
Let X be a compact Kähler manifold and Y ⊂ X a complex subvariety of codimension l. Let α ∈ H k,k (X, Q) be a Hodge class which vanishes in H 2k (X\Y, Q). Since H 2k (X, Q) carries a pure Hodge structure, α belongs to the image of ı * : H 2k−2l (Ỹ, Q) → H 2k (X, Q) where ı :Ỹ → X is the composition of a Kähler desingularisatioñ
If we moreover assume that X is projective, then based on the existence of polarisation on the underlying Q-Hodge structure of (the summands of the primitive decomposition of) H 2k (X, Q), the class α is even the image of a Hodge class β ∈ H k−l,k−l (Ỹ, Q) [33, Remark 2.30] . The later property might fail without the assumption that X is projective but for 1-cycles in threefolds, a concrete example is still missing. Question 1.10. -Let X be a smooth compact Kähler threefold and Y ⊂ X a surface. LetỸ → Y be a desingularisation of Y and let ı :Ỹ → X be its composition with Y ֒→ X. Given a Hodge class α ∈ H 4 (X, Q) which vanishes in H 4 (X\Y, Q), does there exist β ∈ H 1,1 (Ỹ, Q) such that ı * β = α?
So far Question 1.10 can be answered positively under the assumption that Y is irreducible (Lemma 7.2).
If we assume that Question 1.10 has a positive answer, then we are able to improve Proposition 1.9 as follows. Proposition 1.11. -Let f : X → B be a flat elliptic fibration over a smooth projective surface B. Suppose that X is a smooth compact Kähler threefold and that Question 1.10 has a positive answer for X. If there exists α ∈ H 2,2 (X, Q)
Under the assumption that Question 1.10 has a positive answer, with some further argument the conclusion of Proposition 1.11 will allow us to show that a(X) 2 for every threefold X as in Problem 1.1 and in Problem 1.3. By Corollary 1.12, we also understand that if there exists a threefold X for which one of the Oguiso-Peternell problems has a negative answer, then Question 1.10 would also have a negative answer for some smooth bimeromorphic model of X.
The existence of connecting family of curves and Problem 1.2
We finish this introduction by explaining how one could expect Problem 1.2 to have a positive answer.
Let X be a compact Kähler manifold and M (X) ⊂ H 1,1 (X, R) its movable cone. Define M (X) NS ⊂ H 1,1 (X, R) to be the closed convex cone in H n−1,n−1 (X, R) generated by M (X) ∩ H n−1,n−1 (X, Q). If we assume that X is projective, then as a consequence of the BDPP theorem, M (X) NS coincides with the closed convex cone generated by curve classes of the form µ(A 1 ∩ · · · ∩ A n−1 ) where µ :X → X is a birational morphism and the A i 's are very ample divisors onX [3, Theorem 2.4] . In particular, M (X) NS is a closed convex cone generated by classes of connecting family of curves (C t ) t∈T (namely for every general pair of points x, y ∈ X, there exist t 1 , . . . , t l ∈ T such that x, y ∈ C t 1 ∪ · · · ∪ C t l and C t 1 ∪ · · · ∪ C t l is connected). One can ask whether it is still the case without the projectivity assumption. Question 1.13. -Let X be a compact Kähler manifold. Is the Néron-Severi part M (X) NS of the movable cone a closed convex cone generated by classes of connecting family of curves?
Conjecturally M (X) is the dual cone of Psef(X) [3, Conjecture 2.3]. If we assume this conjecture and that Question 1.13 has a positive answer, then a compact Kähler manifold X satisfying Int(Psef(X) ∨ ) ∩ H n−1,n−1 (X, Q) ∅ would be algebraically connected (see 2.4 for the definition). Therefore by Campana's projectivity criterion (Theorem 2.3), a compact Kähler manifold X as in Problem 1.2 would be projective.
Organisation of the text
In the next section, we will recall and prove some preliminary results that we need in this text. In Section 3, we will prove that the condition in Problem 1.2 is invariant under bimeromorphic modifications. Proposition 1.8 for smooth torus fibrations will be proven in Section 4. In Section 5, we will prove Theorem 1.4. The same section also contains a small paragraph about hyper-Kähler manifolds (Proposition 5.4).
In Section 6, we will prove Proposition 1.8 for fibrations in abelian varieties over a curve. Section 7 is devoted to elliptic fibrations and we will prove Proposition 1.9 therein. We will conclude the proof of Theorem 1.5 and 1.6 in Section 8. Finally we prove Corollary 1.12 in Section 9, which relates the Oguiso-Peternell problems to Question 1.10.
Preliminaries

Convention and terminology
In this text, compact complex manifolds and varieties are assumed to be irreducible (but subvarieties can be reducible). A fibration is a surjective proper holomorphic map f : X → B with connected fibres. For any subring R ⊂ C, the set of R-Hodge classes in H k,k (X) is denoted by H k,k (X, R). In other words,
Kähler forms on normal complex spaces
The goal of this subsection is to recall how singular Kähler metrics are defined on normal complex spaces and prove Lemma 2.1 for latter use. A standard reference is [31, II.1].
Let X be a normal complex space (for instance, the quotient of a complex manifold by a finite group). A smooth function on X is a continuous function f : X → R such that for some open cover {U i } of X, there exist holomorphic embeddings U i ֒→ C N such that f |U i extends to a smooth function on a neighbourhood of U i in C N . The sheaf of smooth functions on X is denoted by C ∞ X . Similarly, a strictly plurisubharmonic (psh for short) function on X is an upper semi-continuous function with values in R ∪ {−∞} which extends to a strictly psh function in a neighbourhood of a local embedding X ֒→ C N .
Let PH X = ℜO X ⊂ C ∞ X be the subsheaf of pluriharmonic functions. A Kähler metric on X is a collection of smooth strictly psh functions φ i :
In particular, a Kähler metric on X is an element of H 0 (X, C ∞ /PH X ). The short exact sequences
and a Kähler class [ω] ∈ H 2 (X, R) is the image of a Kähler metric ω ∈ H 0 (X, C ∞ /PH X ). The Kähler classes form a convex cone K (X) ⊂ H 2 (X, R) and elements in the closure K (X) are called nef classes of X. 
As the pushforward of a strictly psh (resp. pluriharmonic) function under a finite surjective morphism is still strictly psh (resp. pluriharmonic) [31, Lemma II.3.1.2], the pushforwards v i = f * u i are strictly psh
A projection formula for varieties with quotient singularities
Let f : X → Y be a proper continuous map between two closed rational homology manifolds (3) (e.g.
complex varieties with at worst quotient singularities [4, Proposition A.1 (iii)]). Then Poincaré duality holds for X and Y, which allows us to define the Gysin morphism
where r = dim X − dim Y and PD denotes the Poincaré duality. The following is the reformulation of the projection formula [16, IX.3.7] in terms of Gysin morphism.
Campana's criterion
Recall that the Fujiki class C consists of compact complex varieties which are meromorphically dominated by compact Kähler manifolds. A compact complex variety X is called algebraically connected if for every general pair of points x, y ∈ X, there exists a connected proper curve C ⊂ X such that x, y ∈ C. The following criterion for a variety in the Fujiki class C to be Moishezon is due to Campana. iv) The quotient T/G of a 3-torus T by a finite group G.
Proof.
-If X is uniruled, then X is in case i) by [22, Lemma 4.4] . If X is not uniruled, then by [22, Proposition 2.5], X is in case ii), iv), or iii) (but without knowing whether f has multi-sections). All we need to prove is that in the last situation, either f has no multi-section or X is in case ii).
If a general fibre F of f is algebraic, then since X is non-algebraic, f has no multi-section (Corollary 2.4).
Suppose that F is non-algebraic and letf :X →B be a G-equivariant smooth isotrivial fibration in 2-tori as in iii). If the fibration f has a multi-section, then there exists a finite base changef ′ :X ′ →B ′ ofX →B such thatf ′ is a trivial torus fibration F ×B ′ →B ′ [22, Lemma 5.6]. Up to making a further base change, we can
Since F is non-algebraic, either a(F) = 1 or a(F) = 0. If a(F) = 1, then F is an elliptic fibration F → C, which induces a surjective map F ×B ′ → C ×B ′ . Accordingly,
contradicting the assumption that a(X) ≤ 1. Therefore a(F) = 0, in particular the only subvarieties of F are points and F. For every ∈ G ′ , consider the map Φ :
where pr 1 : F ×B ′ → F is the projection to the first factor. Since ImΦ is a subvariety of a connected component of
Dual pseudoeffective cones under bimeromorphic modifications
We start with the easy observation that the interior of the dual pseudoeffective cone is stable under pushforward by surjective maps.
The following result is the analogue of [26, Proposition 2.1] for pseudoeffective cone, which holds in any dimension.
-Let X be a compact Kähler manifold and ν :X → X the blow-up of X along a submanifold
be the exceptional divisor and let ℓ be a line in ν −1 (y) for some y ∈ Y. Then every elementγ ∈ H 1,1 (X, R) is of the formγ = ν * γ + rE for some γ ∈ H 1,1 (X, R) and r ∈ R. If moreoverγ ∈ Psef(X), then γ = ν * γ is also pseudoeffective. Therefore to prove the proposition, it suffices to find q ∈ Q >0 such that (ν * α − qℓ) · (ν * γ + rE) > 0 for every γ ∈ Psef(X) and r ∈ R such that
Fix a norm · on H 2 (X, R) and let
For every γ ∈ Psef(X) 1 , let r γ = inf r ∈ R | ν * γ + rE ∈ Psef(X) . Since ν * γ ∈ Psef(X), we have r γ ≤ 0. As α · γ > 0 for every γ ∈ Psef(X) 1 and both γ → α · γ and γ → r γ are continuous functions defined on the compact set Psef(X) 1 , there exists q ∈ Q >0 such that α · γ + qr γ > 0 for all γ ∈ Psef(X) 1 .
If γ 0 then r γ ≥ r γ/ γ , so we also have
As an immediate consequence of Lemma 3.1 and Proposition 3.2, we have the following.
→ Y be a resolution of f by a sequence of blow-ups ν :X → X along smooth centres. By Proposition 3.2, there existsα ∈ Int(Psef(X) ∨ ) ∩ H 2 (X, Q), and we conclude by Lemma 3.1 that
Smooth torus fibrations
In this section we study the Oguiso-Peternell problem for smooth torus fibrations. The argument involves the Deligne cohomology in an essential way and the reader is referred to [32, Chapter 12.3 ] for a reference.
Let f : X → B be a smooth torus fibration over a smooth base and let = dim X − dim B. Recall that the (absolute) Deligne complex D X ( ) is defined as
where Z is regarded as a complex concentrated in degree 0 and the map is induced by the inclusion
Similarly, the relative Deligne complex is defined as
.
Applying R f * to D X/B ( ), we obtain a short exact sequence
The sheaf J is isomorphic to the sheaf of germs of sections of the Jacobian fibration p : J → B associated to f and H , (X/B) could be regarded as the space of "relative Hodge classes" of bidegree ( , ).
The Deligne cohomology group of degree 2 is defined by H 2 D (X, Z( )) = H 2 (X, D X ( )) and we have a map cl :
where the vertical arrow on the left is the composition of H 2 D (X, Z( )) → H 2 (X, D X/B ( )) induced by the natural map D X ( ) → D X/B ( ) with H 2 (X, D X/B ( )) → H 0 (B, R 2 f * D X/B ( )) and the second row is an exact sequence induced by (4.1).
and Proof
Assume that X 0 is bimeromorphic to X/G where G is a finite group and X is the total space of a G-equivariant smooth torus fibration f : X → B over a smooth curve B, then f has an étale multi-section.
-Let X 0 ←X → X/G be a resolution of a bimeromorphic map X 0 X/G by a sequence of blow-upsX → X 0 along submanifolds. By [26, Proposition 2.1], Int(K (X) ∨ ) contains a rational class β. Let
→X be a resolution of the rational map X → X/G X by a compact Kähler manifoldX ′ . The situation is summarised in the commutative diagram
With the notations therein,
where the non-vanishing follows from [26, Proposition 2.5]. In particular if α := p * q * β, then f * α 0 in
is surjective and we apply Lemma 4.1 to conclude.
Complex tori and hyper-Kähler manifolds
In this section, we first study the Oguiso-Peternell problem for complex tori (and their finite quotients).
A positive answer to this problem in this case can be derived from the following result. Proof. -Up to replacing β by some nonzero multiple of it, we can assume that β ∈ H n−1,n−1 (T, Z).
Let us first prove that if T is not projective, then T is not a simple torus (in the sense that T does not contain any nontrivial sub-torus). Assume to the contrary that T is simple torus. Let n = dim T and letT be the dual of T. Let . As β 0, we have c 1 (L) = F (β) 0. Therefore c 1 (L) n 0, in particular
Let L ′ be a line bundle over T such that c 1 (L ′ ) = β * (n−1) . By the same argument, we have c 1 (L ′ ) n 0, so the Hermitian form h on
. . , dz n form a basis of H 1 (T, C) and
with c 1 , . . . , c p > 0 and c p+1 , . . . , c n < 0. Define the Kähler class
On the one hand since T is non-projective, both L ′ and its dual are not ample, so p, q n and it follows that ω · c 1 (L ′ ) n−1 = 0 by elementary computation. On the other hand by Poincaré's formula [2, 16.5.6] , there
which yields a contradiction. Hence T is not simple. Now we prove Proposition 5.1 by induction on dim T. The statement for dim T = 1 is obvious. Assume that dim T > 1 and that Proposition 5.1 is proven for every complex torus of dimension strictly less than dim T. If T is not projective, then T is not simple, so there exists a surjective homomorphism π : T → T ′ with connected fibres to a simple complex torus
so T ′ is projective by the induction hypothesis. Moreover, since T ′ is simple, we have
so π has an étale multi-section Σ ⊂ T by Lemma 4.1. We can assume that Σ is connected and it follows that if F ⊂ T is a fibre of π : T → T ′ , then there exists a finite étale cover τ :T → T together with a surjective homomorphism π ′ :T → F such that ker(π ′ ) is an abelian variety isogenous to Σ. For every ω ′′ ∈ K (F),
Thus F is projective by the induction hypothesis. Since π : T → T ′ is a fibration with a multi-section such that T ′ and the fibres of π are projective, by Corollary 2.4 T is also projective. 
where the last equality follows from the projection formula (Proposition 2.2). It follows from Proposition 5.1 that T is projective. Hence X is also projective.
Before we prove Theorem 1.4, let us mention the following immediate consequence of Proposition 5.1. we can assume that [ω] is represented by ω = √ −1 n j=1 c j dz j ∧ dz j for some c j ≥ 0 and dz 1 , . . . , dz n ∈ H 1 (T, C) such that dz 1 , . . . , dz n , dz 1 , . . . , dz n form a basis of H 1 (T, C). It follows that ı * ω is semi-positive and it suffices to show that ı * ω 0 to conclude the proof. As ω 0, the 1-form n j=1 c j dz j is non-zero. Since Y is the Albanese image of X, there exists a smooth point y ∈ Y such that T Y,y is not in the kernel of n j=1 c j dz j . Therefore ω |y 0 and hence ı * ω 0.
From the viewpoint of the Beauville-Bogomolov decomposition theorem, complex tori and hyper-Kähler manifolds can be considered as the building blocks of non-projective K-trivial compact Kähler manifolds.
We already answered Problem 1.1 for complex tori. We finish this section by answering Problem 1.1 for hyper-Kähler manifolds, based on Huybrechts' description of their nef cones. Q) ). Since X is assumed to be non-projective, we have q(α, α) ≤ 0 for every α ∈ H 1,1 (X, Q) [13, Proposition 26.13] . As Φ is an isomorphism of Hodge structures, q |V is negative. So there exists ω ∈ H 1,1 (X, R)\{0} such that q(ω, ω) ≥ 0 and q(ω, α) = 0 for every α ∈ V. It follows that ω · β = 0 for every β ∈ H n−1,n−1 (X, Q) and it suffices to show that ω ∈ K (X) to obtain a contradiction. For every rational curve C ⊂ X, since [C] ∈ H n−1,n−1 (X, Q), we have ω · C = 0. Up to replacing ω by −ω, we can assume that ω ∈ C (X) where C (X) is the connected component of {γ ∈ H 1,1 (X, R) | q(γ, γ) > 0} containing K (X). It follows from [13, Proposition 28.2] that ω ∈ K (X).
Fibrations in abelian varieties
In this section, we study the Oguiso-Peternell problem for fibrations in abelian varieties over a curve. A positive answer to the Oguiso-Peternell problem will be obtained as a consequence of the following result, which is an analogue of Lemma 4.1. 
shifted by −1. We obtain in the same way as in the case of smooth torus fibrations a short exact sequence 0J R 2 f * D X/B ( ) H , (X/B) 0 (6.1) whose restriction to B ⋆ is the short exact sequence (4.1) defined for the smooth torus fibration X ⋆ → B ⋆ (see [21, 4.2] ). The sheafJ is called the canonical extension of the sheaf of germs of sections of the Jacobian fibration associated to X ⋆ → B ⋆ and the quotient H , (X/B) in (6.1) is isomorphic to 
Proof. -Note that the natural map φ : R 2 f * Z → j * j * R 2 f * Z = Z is surjective: by assumption B is covered by discs ∆ ⊂ B such that the restriction f −1 (∆) → ∆ of f to f −1 (∆) has a local section, therefore Z) is surjective. Since the restriction of φ to B ⋆ is an isomorphism, the support of ker(φ) is 0-dimensional. In particular H 1 (B, ker(φ)) = 0, hence j * :
In general the map Φ is not injective. The next lemma gives a sufficient condition under which two elements of H 1 (B,J ) represent the same bimeromorphic J-torsor. be the map induced by the short exact sequence (6.1). Givenβ,β ′ ∈ H 0 (B, R 2 f * Z) and let
We can assume that f is projective over U i and that each U i is a small disc such that ∆\B ⋆ ⊂ {o i } where o i is the origin of U i . First we construct the integer m in the statement. Let f i : X i → U i be the restriction of f to X i = f −1 (U i ) and let By the construction of m, we can represent mβ i ∈ H 2 (X i , Z) by an analytic cycle Z i which is finite over
. Similarly, we represent δ(mβ ′ ) by a 1-cocycle {η ′ i j } obtained as theČech differential of a 1-cochain {σ ′ i } with coefficients in R 2 f * D X/B ( ) chosen in the same way. We have E (B, H) obtained from {η i j } (resp. {η ′ i j }).
To be more precise, the fibration f : X → B is obtained by gluing the local fibrationsJ i → U i alongJ i j :=J i ∩J j using tr(η i j ) :J i j →J i j and same for f ′ : X ′ → B. Fix biholomorphic maps η i :
and obtain a bimeromorphic map X X ′ over B, which shows that Φ(δ(mβ)) = Φ(δ(mβ ′ )). Proof of Proposition 6.1. -Up to replacing f by a finite base change followed by a log-desingularisation of (X, D) where D ⊂ X is the union of singular fibres of f , we can assume that f has unipotent local monodromies and that every fibre of f is a normal crossing divisor. Since the second row of (6.2) is exact, if β ∈ H 0 (B, H , (X/B)) denotes the image of α, then δ(β) = 0. Choose (by Lemma 6.2) a lifting
under the isomorphism H 0 (B, Z) ≃ Z, then both m ·1 and β have the same image in H 0 (B ⋆ , H , (X ⋆ /B ⋆ )). By Lemma 6.3, there exists m ′ ∈ Z >0 such that As a consequence of Proposition 6.1, we answer the Oguiso-Peternell problem for fibrations in abelian varieties. Corollary 6.4. -Let X be a smooth compact Kähler threefold such that Int (K (X) ∨ ) ∩ H 4,4 (X, Q) ∅. Assume that X is bimeromorphic to the total space of a fibration f : X ′ → B over a smooth projective curve B whose general fibre is an abelian variety, then X is projective.
Proof. -Up to replacing X ′ with a minimal Kähler desingularisation of it, we can assume that X ′ is a compact Kähler manifold. As X ′ is bimeromorphic to X and Int (K (X) ∨ ) ∩ H 4,4 (X, Q) ∅, there exists where the non-vanishing follows from [26, Proposition 2.5], we havef * q * α 0. Sincef has local sections around every point ofB by construction, we deduce from Proposition 6.1 thatf has a multi-section. Since the fibres and the base off are Moishezon,X is also Moishezon (Corollary 2.4) . Hence X ′ , and therefore X, is projective.
Elliptic fibrations
The aim of this section is to prove Proposition 1.9. Let us first prove some general results, starting with an analogous statement of Proposition 1.9 for surfaces. Proof. -Up to replacing α with a multiple of it, we can assume that α = c 1 (L ) for some line bundle L on S.
The next lemma concerns 1-cycles vanishing away from an irreducible surface, which gives a partial answer to Question 1.10 in the positive. In particular, if α ∈ H n−1,n−1 (X, Q) lies in the kernel of H 2n−2 (X, Q) → H 2n−2 (X\Y, Q), then α ∈ Im(ĩ * ).
We start with an easy lemma. Proof. -As Q is non-degenerate by assumption, it suffices to show that ker(φ)∩ker(φ) ⊥ = 0 or equivalently,
Proof of Lemma 7.2. -Fix a Kähler class ω ∈ H 2 (X, R) and let H = (ĩ * ω) ⊥ ⊂ H 2 (Ỹ, R) where the orthogonal is defined with respect to the intersection product on H 2 (Ỹ, R). Sinceĩ * ω 2 0, we have H 2 (Ỹ, R) = Rĩ * ω ⊕ H.
We verify that the restriction of the intersection product to H is a polarisation of the Hodge structure:
the induced pairing on H is non-degenerate and the Hodge decomposition H ⊗ C = H 2,0 ⊕ H 1,1 ⊕ H 0,2 is orthogonal with respect to the Hermitian form h(β, γ) := β ·γ. The restriction of h to H 2,0 ⊕ H 0,2 is definite positive. Since H 1,1 is of signature (1, dim H 1,1 − 1) , the restriction of h to H 1,1 is definite negative.
We have ker(ĩ * ) ⊂ H. Indeed, let ξ ∈ ker(ĩ * ) and write ξ = a ·ĩ * ω + β with a ∈ R and β ∈ H. Then
As [Y] · ω 2 0, we have a = 0, so ker(ĩ * ) ⊂ H. Proof. -It suffices to show that if S is an irreducible components ofX ∆ which is a surface, then S is projective. Since f is flat, ( f •ĩ ∆ )(S) = E is a curve and a general fibre F of S → E is either an elliptic curve or a union of rational curves. If F is a union of rational curves, then S is projective. If F is an elliptic curve, then since f is not quasi-smooth over t := ( f •ĩ ∆ )(F), the fibre f −1 (t) has at least two irreducible components.
So there exists another irreducible component S ′ ofX ∆ such that ( f •ĩ ∆ )(S ′ ) = E and S ∩ S ′ is a curve which dominates E. It follows that S → E is an elliptic surface with a multi-section, hence S is projective.
The proof of Proposition 1.9 is based on the following technical lemma. 
Proof. -Let A ⊂ C be an ample irreducible component and E ⊂ C the curve residual to A. We have the commutative diagram
which we now explain. The second and the third rows of (7.1) are part of the long exact sequences of Borel- To show that the rightmost vertical arrow is an isomorphism, first we note that by the Poincaré duality, the map is isomorphic to the Leray quotient
where the last isomorphism is induced by (R 2 f * Q) |B\(C∪∆) ≃ Q resulting from the smoothness of f over B\∆.
As the fibres of f over B\∆ are curves, we have (R q f * Q) |B\(C∪∆) = 0 for every q > 2. Hence ( f X\X C∪∆ ) * is an isomorphism. Finally, it follows from the snake lemma that K ′ → K is surjective. is a pure Hodge structure of weight −2, we have Im(φ) ⊂ W −2 H BM 2 (X ∆\C , Q). This inclusion is actually an equality:
Consider the composition
Proof. -By construction, φ has the factorisation φ :
It suffices to show that both µ and ν are surjective. AsX ∆ → X ∆ is a desingularisation, µ is surjective. To
show that ν is also surjective, consider the exact sequence of mixed Hodge structures
Since X ∆∩C is compact, the only weights that occur in H 1 (X ∆∩C , Q) are −1 and 0 [28, Theorem 5.39 ]. Hence
Recall that K and K ′ are defined in (7.1) . Let H = φ −1 (W −2 K ′ ) ⊂ H 2 (X ∆ , Q). Since K ′ → K is surjective, Lemma 7.6 implies that the image of H under the composition
AsX ∆ is smooth and projective (Lemma 7.4), H 2 (X ∆ , Q) is a polarised pure Q-Hodge structure. So H is also a polarised pure Q-Hodge structure, thus there exists a sub-Q-Hodge structure L of H such that Ψ maps L isomorphically onto Gr −2 W K.
However, since Φ :
is a morphism of mixed Hodge structures from a pure Hodge structure of weight −2, (7.2) actually holds in H BM 2 (X\X C , Q), which can also be considered as an equality in H 4 (X\X C , Q) by the Poincaré duality. Finally,
Proof of Proposition 1.9. -Up to replacing α with a multiple of it, we can assume that f * α = c 1 (L ) for some very ample line bundle L and that there exists a linear system T ⊂ |L | such that if C ⊂ B is a general member of T, then 1. C is smooth and X C is irreducible;
2. C ∩ ∆ is finite and contains the 0-dimensional irreducible components of ∆;
3. a general pair of points of B is connected by a chain of general members of T.
Let C ⊂ B be a general member of T. By Lemma 7.2 and Lemma 7.5 there exists α ′ ∈ H 1,1 (X C , Q) such that ı * α ′ = α −ĩ ∆ * β. (7.4) whereĩ :X C → X is the composition of a desingularisation of X C with the inclusion X C ֒→ X. Since C ∩ ∆ is finite, the restriction j * : 1 (B, Q) . (7.5) Applying f * to (7.4), we obtain from (7.5) that
where := ( f • ı) :X C → C and j ′ : C ֒→ B. In particular * α ′ 0, soX C is projective by Lemma 7.1. Finally as C is general in T, a general pair of points of X is connected by such algebraic surfaces X C . Hence by Campana's criterion (Theorem 2.3), X is projective. 1 (B, Q) is ample by Kleiman's criterion. Applying Proposition 1.9 to the elliptic fibration f : X ′ → B shows that X ′ is projective, contradicting the assumption that a(X) = 2.
Proof of Theorem 1.5 and Theorem 1.6
Proof of Theorem 1.6. -Let X be a compact Kähler threefold such that Int (K (X) ∨ ) contains an element of H 4 (X, Q). Assume that a(X) ≤ 1, then X is in one of the cases listed in Proposition 2.7. Suppose that X is in case i), namely X is bimeromorphic to a P 1 -fibration X ′ → S over a smooth compact Kähler surface.
Then S is projective by [26, Proposition 2.6] , so X is also projective (Corollary 2.5), which is impossible.
If X is in case ii), then the projection (S × B)/G → S/G induces a dominant meromorphic map X S/G. Once again, [26, Proposition 2.6] implies that S/G is projective, contradicting the fact that S is non-algebraic.
Case iii) is ruled out by the conjunction of Proposition 4.2 and Corollary 6.4. Finally we rule out case iv) by Proposition 1.7.
Proof of Theorem 1.5. -Let X be a compact Kähler threefold such that Int (Psef(X) ∨ ) ∩ H 4 (X, Q) ∅. Since K (X) ⊂ Psef(X), Theorem 1.6 already implies that a(X) ≥ 2. The case a(X) = 2 is excluded by Corollary 7.7, hence X is projective.
One-cycles in compact Kähler threefolds and the Oguiso-Peternell problem
In this finial section we work under the assumption that Question 1.10 has a positive answer and prove that every compact Kähler threefold X as in Problem 1.1 or Problem 1.3 is projective (Corollary 1.12).
Already by Theorem 1.6, we know that such a threefold X has algebraic dimension a(X) ≥ 2, so the proof consists of excluding the case a(X) = 2. We will deduce the latter as a consequence of Proposition 1.11, which is a refinement of Proposition 1.9. Since f * α ∈ H 2 (B, Q) is big, f * α is the sum of an ample curve class and an effective curve class [19, Corollary 2.2.7]. We have the following more precise statement. Q) . As we assume that Question 1.10 has a positive answer, there exists
Since (( f |X ∆ ) * τ * β) ∆\C = 0 in H BM 2 (∆\C, Q), it follows from the long exact sequence of Borel-Moore homology groups induced by the closed embedding ∆ ∩ C ֒→ ∆ that Q) ) .
(9.4)
As A ∩ ∆ is finite, we have Q) , it follows from (9.4) and (9.5) that 1 (B, Q) . (9.6) Applying f * to (9.3), we obtain from (9.6) that 1 (B, Q) , 1 (B, Q) is big. Applying Proposition 1.11 to the elliptic fibration f : X ′ → B shows that X ′ is projective. Hence X is projective.
Finally we prove Corollary 1.12 for Problem 1.3. Before we start the proof, let us first recall and prove some statements about subvarieties with ample normal bundles. The first one is a theorem due to Fulton and Lazarsfeld, asserting that a subvariety with ample normal bundle intersects non-negatively with other subvarieties. Proof.
-If N C/X is ample, then the connected components of C have ample normal bundles as well, so we can assume that C is connected. Let q : X ′ → X be the blow-up of X along C. We resolve the bimeromorphic map µ −1 • q : X ′ Y by a sequence of blow-ups along smooth centres ν :X → X ′ and let p :X → Y be the induced bimeromorphic morphism. The following commutative diagram summarises the situation: where j : E ֒→ X ′ is the inclusion. As N C/X is ample, c 1 ( * N C/X ) + c 1 (O E/C (1)) is an ample class in E.
Let m ∈ Z >0 such that L := det( * N C/X ) ⊗ O E/C (1) ⊗m is very ample. We can find an irreducible curve Finally, since C ′ ⊂ E is ample, we have q(C ′ ) = C. Therefore (q • ν)(C) = q(C ′ ) = C. Assume that a(X) = 2. By Lemma 2.6, the algebraic reduction f : X B of X is almost holomorphic whose general fibre F is an elliptic curve. Let Σ be the irreducible component of the Douady space of X containing F and let C X Σ q p denote the universal family. Since X is a compact Kähler manifold, Σ is proper [9] (and so is C ). As Sincep is bimeromorphic to p,p is an elliptic fibration. Asp * [C] is big, it follows from Proposition 1.11 that C is projective, which contradicts the assumption that a(X) = 2 because X is bimeromorphic toC . Hence X is projective.
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